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Local structure of a singularity

A long history: Wirtinger 1895, Milnor 1968... )

X complex variety,
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Topology: the Conical Structure Theorem
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Topology: the Conical Structure Theorem

X
0<e<1 = XNB(0,e) "T° Cone(XN5(0,¢)) oV
Inner metric on (X, 0) tolp_)(:li;g(i)(Zal

link
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dimer(x,y) = inf  {length(7)}
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Local structure of a singularity

A long history: Wirtinger 1895, Milnor 1968... )

X complex variety,
0 € X isolated singularity (X,0) = (C",0)

Topology: the Conical Structure Theorem

0<e<1l = XNB(0,e) "% Cone(XN5(0,¢))

Inner metric on (X, 0) tolp_)(:li;g(i)(Zal
link
dirmer s = inf 1 th
Coy)=_ inf  {length(z)}

~7(0)=x,7(1)=y

@ I'm interested in the metric germ, not only on its bi-Lipschitz class!
(Mostovski 1985/C, Parusiiski 1987 /IR, Birbrair—-Neumann—Pichon 2014)
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Inner rates

| will focus on the case of surfaces.
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Inner rates

| will focus on the case of surfaces.

X

good resolution

The inner rate Z(E) of E is the contact order between the two curves 7,7y and
77y on (X,0), with respect to the inner metric:

dinncr (W*’Y N S(C"(Oa 5)3 7T*P)// N SC" (0, 5)) ~ EI(E) J
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| will focus on the case of surfaces.
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good resolution

The inner rate Z(E) of E is the contact order between the two curves 7,7y and
77y on (X,0), with respect to the inner metric:

dinncr (W*’Y N SCC"(Oa 5)3 7T*P)// N SC" (0, 5)) ~ EI(E) J

Interpretation:
The inner rate Z(E) measures the
size of a small area N(E) of (X,0)
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Inner rates

| will focus on the case of surfaces.

X X

7r 0
N =

good resolution

The inner rate Z(E) of E is the contact order between the two curves 7,7y and
77y on (X,0), with respect to the inner metric:

dinncr (W*’Y N SCC"(Oa 5)3 7T*P)// N SC" (0, 5)) ~ EI(E) J

Interpretation:
The inner rate Z(E) measures the Fine understanding of the inner
size of a small area NV(E) of (X,0) metric structure of the germ
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Example:
EE={x*+y3+25=0}cC?
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discriminant {y3 +25 = 0} c C?
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Example:
EE={x*+y3+25=0}cC?

‘l’ (v:2) discriminant curve hyperplane section

discriminant {y3 +2°= 0} c C? 2 5 3 1
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polar curve

hyperplane section

Example:
Es={x*+y*+22=0}cC®

L2 discriminant curve l hyperplane section
discriminant {y3 +2°= 0} c C? 2 5 3 1
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polar curve

hyperplane section
Example:
EE={x*+y3+25=0}cC?

Classical questions:
@ How does the geometry (X, 0) influence the inner rates?
@ How to compute them?
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olar curve

P
Es 2 hyperplane section
Bxample: ,
EgZ{X +y +z :O}CC

Classical questions:
@ How does the geometry (X, 0) influence the inner rates?
@ How to compute them?

factoring through Blo(X) and through the Nash transform
Theorem (Belotto—F—Pichon, 2019)

Let m: X — X be a good resolution of (X,0). Then all the inner rates of (X, 0)
are completely determined by:

@ the topology of (X,0), i.e. the weighted dual graph I';

@ the arrows of a generic hyperplane section;

e the arrows of the polar curves of a generic projection (X, 0) — (C2,0).

This is a consequence of an explicit formula that we will see later.
Analogous to the study of weight functions on curves (Baker—Nicaise 2016).
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The non-archimedean link of a singularity

Definition (Boucksom—Favre—Jonsson, F)

NL(X,0) = {v: 6X7\0 — R4 U {00} semivaluation | minseam, ,{v(f)} =1}
Pl

.. . . ord
e.g. divisorial valuation m(Ef
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The non-archimedean link of a singularity

Definition (Boucksom—Favre—Jonsson, F)

NL(X,0) = {v: 6X7\0 — Ry U {00} semivaluation | minseam, ,{v(f)} =1}
Pl

e.g. divisorial valuation (::(dEf ES
b

It's a nice topological space, compact. $+£:$+Q* _
Example: NL(AZ,0) = valuative tree 1 iiiii{iiv}

(Favre—Jonsson). AL
Non-archimedean avatar of the usual link: C XNB(0,6)"
Theorem (F—Favre)
L(X,0) degenerates towards NL(X, 0).
Mpreover, we have: _
Hsllng(NL(XaO)aQ) = WOHs’ing(L(XvO)aQ)- 0 e
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The non-archimedean link of a singularity

Definition (Boucksom—Favre—Jonsson, F)

NL(X,0) = {v: 6X7\0 — Ry U {00} semivaluation | minseam, ,{v(f)} =1}
Pl

e.g. divisorial valuation (::(dEf *
It's a nice topological space, compact. Tonph g _
Example: NL(A%, 0) & valuative tree | iiiiiiii{i
Favre—Jonsson). = T
( J ) et
Non-archimedean avatar of the usual link: NL(X, 0) X 1 B(0, )

Theorem (F—Favre)
L(X,0) degenerates towards NL(X, 0).

Mpreover, we have: _ lcontinuous
Hs"i"g( NL(X’O)’Q) = WOHs,ing( L(X,O),Q) 0 open e

*r—
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Skeletons and combinatorics of NL(X, 0)

NL(X,0) = {v: 6)8 — R4 U {00} semivaluation | minean, ,{v(f)} =1} J

If m: Xz — X is a good resolution of (X, 0) with dual graph I, there exists a
natural embedding:

M= NL(X,0) |

It seends a vertex v of I to the divisorial valuation associated with the
exceptional component E, C 7~1(0) that corresponds to v.
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Skeletons and combinatorics of NL(X, 0)

NL(X,0) = {v: 6)5 — R4 U {00} semivaluation | minean, ,{v(f)} =1} J

If m: Xz — X is a good resolution of (X, 0) with dual graph I, there exists a
natural embedding:

M= NL(X,0) |

It seends a vertex v of I to the divisorial valuation associated with the
exceptional component E, C 7~1(0) that corresponds to v.

rﬂ— rﬂ./ I

' >x
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Skeletons and combinatorics of NL(X, 0)

NL(X,0) = {v: 6)8 — R4 U {00} semivaluation | minean, ,{v(f)} =1} J

If m: Xz — X is a good resolution of (X, 0) with dual graph I, there exists a
natural embedding:

M= NL(X,0) |

It seends a vertex v of I to the divisorial valuation associated with the
exceptional component E, C 7~1(0) that corresponds to v.

FW r.n./ I
/

T >

—

This induces a canonical homeomorphism:

lim T <~ NL(X,0) J
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The Laplacian formula

Natural metric on I,: Es
1
/([V, V/]) = W % 24 % 20 le

where m(v) is the multiplicity of E, in
771(0).

— Metric on NL(X,0)
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The Laplacian formula

Natural metric on [: Es
1

(v, v]) = —————

(D) = )
where m(v) is the multiplicity of E, in
771(0).

ol
N
IN
&~
N
S
Rl=
o

— Metric on NL(X,0)

The inner rates Z(E) extend to a continuous
and piecewise linear map:

I: NL(X,O) — Rzl
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The Laplacian formula

Natural metric on I,: E
1
/([V7 V/]) = W % 24 % 20 le 6
where m(v) is the multiplicity of E, in
771(0).

2
: done 6 ~A=246-2=6
— Metric on NL(X,0) lope_ ﬂ

The inner rates Z(E) extend to a continuous
and piecewise linear map:

I: NL(X,O) — Rzl

Laplacian of Z on I';: Ar_(Z)(v) = sum of the outgoing slopes of Z|-_ at v

J
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The Laplacian formula

Natural metric on I,: E ®
1 1
/([v7 V/]) = m(V)m(V/) % 214 18% 71[) TIZ é

=@ @ © 6 @ @ @
where m(v) is the multiplicity of E, in
771(0).

2
— Metric on NL(X,0) slope_ }%A_2+6_2_6
The inner rates Z(E) extend to a continuous ”I; ):1 s s
v)=3 3 5

and piecewise linear map:
Z: NL(X,0) — R4

Laplacian of Z on I';: Ar_(Z)(v) = sum of the outgoing slopes of Z|_ at v

J

Canonical divisor of T: Kr_(v) = valr_(v) +2g(v) — 2 = —x(E,)
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The Laplacian formula

Natural metric on I;: Es
1

D= gty

where m(v) is the multiplicity of E, in

771(0).
2
- done 6 ~A=246-2=6
— Metric on NL(X,0) lope_ ﬂ

The inner rates Z(E) extend to a continuous I g
and piecewise linear map: ' ’
Z: NL(X,O) — Rzl

5
3

Laplacian of Z on I';: Ar_(Z)(v) = sum of the outgoing slopes of Z|r_ at v )

Canonical divisor of T: Kr_(v) = valr_(v) +2g(v) — 2 = —x(E,)

Theorem (Belotto-F—Pichon, 2019)
Ar _(Z)(v) = m(v)(Krﬁ(v)—|—2#{hyperp|ane arrows at v}—#{polar arrows at v})
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The Laplacian formula

Theorem (Belotto—F—Pichon, 2019)

Ar, (Z)(v) = m(v)(Kr, (v) + 2#{hyperpl. arrows at v} — #{polar arrows at v})

- {2+ )¢+’ +2' =0y c C
Applications:

@ Simple explicit computation of the inner
rates

Lorenzo Fantini Inner metric structure of complex surface singularities /7



The Laplacian formula

Theorem (Belotto—F—Pichon, 2019)

Ar, (Z)(v) = m(v)(Kr, (v) + 2#{hyperpl. arrows at v} — #{polar arrows at v})

- {2+ )¢+’ +2' =0y c C
Applications:

@ Simple explicit computation of the inner
rates

@ Lé—Greuel-Teissier Formula
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The Laplacian formula

Theorem (Belotto—F—Pichon, 2019)

Ar, (Z)(v) = m(v)(Kr, (v) + 2#{hyperpl. arrows at v} — #{polar arrows at v})

I {(@*+ )P +z?) +2 =0y cC
Applications:
@ Simple explicit computation of the inner
rates
o Lé-Greuel-Teissier Formula

@ We obtain strong restrictions on the
relative positions of arrows.
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The Laplacian formula

Theorem (Belotto—F—Pichon, 2019)

Ar, (Z)(v) = m(v)(Kr, (v) + 2#{hyperpl. arrows at v} — #{polar arrows at v})

- {2+ )¢+’ +2' =0y c C
Applications:

@ Simple explicit computation of the inner
rates

@ Lé—Greuel-Teissier Formula

@ We obtain strong restrictions on the
relative positions of arrows.

7
5

Ao
o

Two possible proofs:

e Lifting the formula for NL(C2,0) to the singular case: topology and
monodromy of the Milnor fiber of a generic linear form, Dehn twists.
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The Laplacian formula

Theorem (Belotto—F—Pichon, 2019)

Ar, (Z)(v) = m(v)(Kr, (v) + 2#{hyperpl. arrows at v} — #{polar arrows at v})

- {2+ )¢+’ +2' =0y c C
Applications:

@ Simple explicit computation of the inner
rates

@ Lé—Greuel-Teissier Formula

@ We obtain strong restrictions on the
relative positions of arrows.

7
5

Ao
o

Two possible proofs:
e Lifting the formula for NL(C2,0) to the singular case: topology and
monodromy of the Milnor fiber of a generic linear form, Dehn twists.

o Birational interpretation of the inner rates as (normalized) logarithmic
Mather discrepancies: Fitting ideals, study of the zeroes and poles of some
differential forms on resolutions.
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